IB DP Mathematics: Analysis and

Approaches HL

Integral Paper 1 - Markscheme

Question 1

M1

M1

Al

M1

Al

Al

Al

Attempt at substitution v = sinz and du = cos x dx

Substituting into the integral using cos?z = 1 — u?

u
B —
/—u2+u+2 "
u A

[7 marks]

Partial fraction decomposition: =
(u+1)(2—u) w41

1 2

1 2
Final answer: —3 In(sinz + 1) — 3 In(2 —sinx) +C

Question 2

M1

M1

Al

Al

Al

2a x T
Combining the integrals: / (e_ — e_) dr =0

x  x2

+2—u

[5 marks|

Recognizing the integrand as the derivative of % (via quotient or product rule)

e 2a 62(1 e
x|, 2a a

e — 2" =0 = e%(e"—2)=0

As e® > 0, we have ¢ =2 —>



Question 3

Al dx = asecftanf db
Al Limits: ¢ = 7 to 0 = %
/3 0 tan 0
M1 Substitution into the integral: / asecy Al
x4 a3sec® 0/ a?sec? f — a?
1 /3
Al Simplification to — / cos® 0 df
a” Jr/a
1 w/3
M1 Use of double angle identity: 23 (1 + cos26) df
a /4
1 1 /3
Al Integration: — [0 + — sin 26
2a3 2 /4
1 3 1
Al Correct substitution of limits: 20 (g + % — % —3
1
AG Answer Given: SYPE (3V3 47 —6)
Question 4
Part (a)
Al V_ﬂ'/ (e® — sin®z) dw
0
Part (b)
M1 V= 7r/ [(e"? + 1) — (sinz + 1)?] dx
0
Al Expansion: 7T/ (€% 4 2¢%/? — sin® x — 2sinz) dz
0
M1 Attempt at integration
Al e® + 4e™/? — r_sner + 2cosz
2 4 0
Al Evaluation: 7 [(e” + 4e™? — g - 2) —(1+4+ 2)]
Al Final answer: |7 (e’r + 4e™/? — g — 9)

[8 marks]

[7 marks]



Question 5

Part (a)
Al (0,0)
Part (b)
¢
M1 dr =1In3
/0 2 gdr=In
1 9 ¢
Al —In(z*+2)| =1In3
2 0
M1 Use of logarithm laws
1 1 212
Al “In(*+2)—-In2=In3 = In c =1In9
2 2 2
2
Al 032:9:>02:16
Al c=4
Question 6
Part (a)
M1 First integration by parts with v = (Inz)?, dv = dx
Al r(Inx)* — 2/lnxd:1:
M1 Second integration by parts with u = Inz, dv = dx
Al 2(xlnz — )
Al Final answer: |z(Inz)? — 2zlnx + 22 + C
Part (b)
M1 Improper integral: lim [z(Inz)* — 2zlnz + 236];
k—0+
A1l At upper limit: 1(0)* —2(0) +2 =2
M1 Consideration of lower limit using L’Hopital’s rule
Al At lower limit: lim (k(Ink)? — 2kInk + 2k) =0
k—0+
Al Final answer:

[7 marks]

[10 marks]



Question 7

Part (a)
M1

Al

M1
AG

Part (b)
Al

AG

Part (c)

M1
Al

Al

Al

u=cos" 'z, dv = coszdr

= du=—(n-—

/cos” vdr = cos" txsina + (n— 1) /008”2 rsin® x dr

Substitute sin?

Answer Given:

1)cos" 2 xsinzdr, v=sinz

=1——cos’zx

[10 marks]

/Cosnxdx =cos" txsinz + (n — 1) /Cos”_2 rdr —(n—1) /COSnl’d:E

Rearranging: n/fn(:c) dx = cos" ' xsinx + (n — 1) /fnz(:c) dx

Answer Given:

n

1 -1
/fn(x) dx = - cos" rsing + -~ / fr—a(z)dx

1
F =4: = cos®
or n 4(:05

1
Forn =2: —cosxsinx + 51’

1 cos® 1 si + 5
- rsinx + —
4 4

3
xsinx—l—Z/COSQxdx

1

= nx+ L +C
—coszs =
5 COSTSINT + 52

Final answer:

1 cos® rsinz + 3 coszsinx + J +C
- rsinx + — rsinr + -z
4 8 8




